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1 GENERAL 
When the stream flows over a sediment bed, the hy-
drodynamic drag and lift forces act on the sediment 
grains at the bed surface. As the stream velocity en-
hances, a state is ultimately reached when the sedi-
ment grains at the bed surface are entrained intermit-
tently if the hydrodynamic forces overcome the 
stabilising force arising from the submerged weight 
of the sediment grains, called the entrainment 
threshold of sediment. Different feasible modes of 
entrainment threshold of sediment are rolling, slid-
ing and lifting modes, as depicted schematically in 
Figure 1. In rolling mode, the overturning moment 
on the sediment grain about the pivot point exceeds 
the stabilising moment about that point, whereas in 
sliding mode, the drag force on the sediment grain 
exceeds the frictional resistance at the contacts of the 
grains. On the other hand, in lifting mode, the lift 
force exceeds the submerged weight of the sediment 
grain. The complexity of the interaction between the 
sediment grains and the turbulent flow renders the 
problem of sediment transport intricate. Thus, the 
complex phenomenon impedes to achieve a compre-
hensive theoretical analysis. Regarding the applica-
tions of the knowledge of sediment transport, it plays 
an important role in analysing the stability and ex-
tending the lifetime of important riverine structures, 
such as bridge, barrage, culvert, reservoir dam, etc.  
 
 
Figure 1. Schematic of bedload transport with the motion of 
sediment grains in rolling, sliding and saltating (or lifting) 
modes. 
 
The study on entrainment threshold of sediment 
by the streamflow was pioneered by Shields (1936). 
He did a semi-theoretical analysis to recommend the 
famous Shields diagram. His diagram represents a 
curve (well-known as Shields curve) of threshold 
Shields function Θc versus shear Reynolds number 
R* and is commonly used to determine the threshold 
bed shear stress for a given median size of sediment 
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ABSTRACT: A theory of sediment transport, describing the entrainment phenomenon from the grain scale to 
the continuum scale, under a steady-uniform flow over a sediment bed is presented. The sediment grains, as-
sumed as discrete spherical grains, are subjected to turbulent wall-shear flows. At the grain scale, the forces 
acting on a sediment grain resting over three compact spherical grains are analysed to determine the criteria 
for entrainment threshold in rolling, sliding and lifting modes taking into account the turbulence effects. 
Comparison of the theoretical results with the experimental data shows that the entrainment threshold lies 
within the sliding and lifting modes. Then, at the grain scale, using the log-normal probability density function 
for the near-bed instantaneous horizontal velocity, the entrainment probabilities in rolling, sliding and lifting 
modes for a given grain size are derived. The rolling and sliding probabilities increase with an increase in 
Shields function and after attaining their individual maximum values, they reduce, whereas the lifting proba-
bility increases with Shields function. The maximum value of entrainment probability in rolling mode is close 
to the threshold Shields function in rough flow, whereas the entrainment probability in lifting mode initiates 
from the value of the threshold Shields function. In a continuum scale, the bedload flux is derived by hypothe-
sising the saltating mode of sediment transport incorporating the lifting probability obtained at the grain scale. 
grain. Later, experimental observations of Fenton & 
Abbott (1977) indicated that the threshold bed shear 
stress has a dependence on the exposure of sediment 
grains to the flow. As a consequence, a slight devia-
tion of the Shields curve from the experimental data 
band in the hydraulically smooth and rough flows 
was reported (Mantz, 1977; Miller et al., 1977; Yalin 
& Karahan, 1979). Since then many researchers con-
tributed experimentally and theoretically to the topic 
of entrainment threshold of sediment. Comprehen-
sive review on the topic of entrainment threshold of 
sediment was done by Miller et al. (1977), Buffing-
ton & Montgomery (1997), Garcia (2008) and Dey 
(2014). 
When the bed shear stress induced by the flow 
slightly exceeds its critical value for the entrainment 
threshold of sediment, the sediment grains begin to 
entrain in rolling or sliding modes, but not detached 
from the bed. With an additional increase in bed 
shear stress, the sediment grains are momentarily 
lifted performing series of brief jumps along the bed 
remaining confined to the bedload layer, termed sal-
tating or lifting mode. The transport of sediment 
grains in rolling, sliding and saltating or lifting 
modes is called bedload transport of sediment (Fig. 
1). Einstein (1942, 1950) and Bagnold (1956) hy-
pothesised that the mode of bedload transport is sal-
tating mode, which was afterward experimentally 
verified by Francis (1973) and Abbott & Francis 
(1977). It is distinctive that the lift force basically 
governs the saltation of sediment grains. Einstein 
(1950), in his famous theory of the bedload 
transport, hypothesised the sediment entrainment 
phenomenon from the viewpoint of the probability 
of instantaneous lift force generated by the velocity 
fluctuations exceeding the submerged weight of the 
sediment grains. The probabilistic notion of sedi-
ment entrainment is an essential criterion to analyse 
the sediment entrainment phenomenon, because the 
highly intermittent near-bed turbulence intermingles 
with the sediment grains to play an important role in 
transporting them (Cheng & Chiew, 1998; Papanico-
laou et al., 2001, 2002; Wu & Lin, 2002; Wu & 
Chow 2003; Zanke, 2003; Wu & Yang, 2004; Dey et 
al., 2011, 2012; Tregnaghi et al., 2012). Interesting-
ly, the turbulent bursting phenomenon in turbulent 
flow (Kline et al., 1967), after its discovery, has cre-
ated a new look to further explore the sediment en-
trainment phenomenon. In turbulent bursting, the 
conditional Reynolds shear stresses have a substan-
tial departure from the time-averaged Reynolds shear 
stress during the intermittent events. Consequently, 
such events have a strong contribution towards the 
sediment entrainment phenomenon (Sutherland, 
1967; Heathershaw & Thorne, 1985; Wu & Jiang 
2007; Dey et al., 2011, 2012). The ejections and 
sweeps, amongst the bursting events, are the most 
pertinent events towards the entrainment process be-
cause they produce a positive input to the Reynolds 
shear stress. Nevertheless, a number of authors ar-
gued that the Reynolds shear stress is not the most 
relevant contributor to govern the entrainment pro-
cess and to transport the sediment grains (Williams 
et al., 1989; Clifford et al., 1991; Papanicolaou et al., 
2001, 2002; Schmeeckle & Nelson, 2003). They 
identified that the entrainment threshold of sediment 
grains and the bedload transport are much linked 
with the instantaneous horizontal velocity.  
In spite of significant advancement made to estab-
lish the probabilistic theory of sediment entrainment 
(Cheng & Chiew, 1998; Papanicolaou et al., 2002; 
Wu & Lin, 2002; Wu & Chow, 2003; Wu & Yang, 
2004; Wu & Jiang, 2007; Tregnaghi et al., 2012), a 
comprehensive analysis of the force system in a 
three-dimensional configuration of the bed sediment 
grains, as a probabilistic-cum-micromechanical as-
pect, seems to have received little attention. Moreo-
ver, most of the existing analyses are based on a sin-
gle velocity law of the wall (logarithmic law) for the 
hydraulically rough-turbulent flow and a single value 
of the horizontal turbulence intensity near the bed. 
Further, no probabilistic theory describing the en-
trainment phenomenon of sediment was extended 
from the grain scale to the continuum scale. 
This study presents a theory of sediment transport 
from the grain scale of entrainment to the continuum 
scale of bedload flux for a steady-uniform flow over 
a sediment bed considering a three-dimensional con-
figuration of the granular bed of sediment. At the 
grain scale, the hydrodynamic drag and lift forces 
acting on a solitary sediment grain (spherical) are 
analysed considering velocity laws for the hydrau-
lically smooth, transitional and rough flows. The 
forces are analysed to examine the entrainment 
threshold in rolling, sliding and lifting modes intro-
ducing the turbulence effects. A probabilistic analy-
sis of sediment entrainment is done using the log-
normal probability density function for the near-bed 
instantaneous horizontal velocity. The entrainment 
probabilities for the rolling, sliding and lifting modes 
are obtained for a given median size of grains. Final-
ly, the bedload flux, as a continuum scale, is ana-
lysed by using the entrainment probability in lifting 
mode.  
2 SEDIMENT ENTRAINMENT AT GRAIN 
SCALE 
2.1 Mechanics of sediment entrainment 
At the grain scale, a spherical solitary or target sedi-
ment grain of diameter D, resting over a compact 
granular sediment bed formed by the similar sedi-
ment grains of diameter d is shown in Figure 2. A 
tetrahedron CC1C2C3 is formed joining the centres of 
the solitary sediment grain and the bed sediment 
grains by the straight lines. Figure 3 illustrates the 
enlarged view of the tetrahedron. The points of con-
tact of the solitary sediment grain with the three bed 
sediment grains are G1, G2 and G3. The imaginary 
bed level, fixing z = 0, is assumed at a vertical dis-
tance ξd below the crest level of the bed sediment 
grains (Fig. 2), where ξ is a factor being less than 
unity. The vertical distance of the lowest point of the 
solitary sediment grain from the imaginary bed level 
is given by δ = ξd − 0.5(D + d) + CJ. From the three-
dimensional geometry, the length CJ is obtained as 
 
Figure 2. Typical three-dimensional configuration of bed sedi-
ment grains and the force system. 
 
 
Figure 3. Tetrahedron formed joining the centres of the solitary 
sediment grain and the bed sediment grains by the straight 
lines. 
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Then, the δˆ  (= δ/D) is given by  
2 0.51ˆ ˆ ˆ ˆˆ 0.5(1 ) (3 6 )
2 3
d d d dδ ξ= − + + + −  (2) 
where dˆ  = d/D. 
In rolling mode, the solitary sediment grain can 
entrain rolling either over the crest of a single bed 
sediment grain or over the cusp formed by the two 
neighbouring bed sediment grains. In the former 
event, the solitary sediment grain rolls towards JC2 
and the pivot angle φ attains its maximum value φmax 
(Fig. 3). In the latter event, the solitary sediment 
grain rolls towards JP and the pivot angle becomes a 
minimum φmin (Fig. 3). From the three-dimensional 
geometry, the following relationships are obtained: 
2
max 2 0.5
ˆ2tan ˆ ˆ(3 6 )
C J d
CJ d d
φ = =
+ −
 (3) 
min 2 0.5
ˆ
tan ˆ ˆ(3 6 )
JP d
CJ d d
φ = =
+ −
 (4) 
The most possible way (as an average) to entrain 
the solitary sediment grain in a rolling mode is the 
midstream between the lengths JC2 and JP. Since 
tanφmax = 2tanφmin, for the average value of the pivot 
angle, tanφ = 0.5(tanφmin + tanφmax) = 1.5tanφmin 
(Miller & Byrne, 1966). Thus, the φ is obtained as 
1
2 0.5
ˆ1.5tan ˆ ˆ(3 6 )
d
d d
φ −
 
=  
+ −  
 (5) 
The hydrodynamic force acting on the solitary 
sediment grain is resolved into drag force FD (acting 
flow direction) and lift force FL (acting normal to the 
flow direction). Besides, the submerged weight FG 
of the grain acts vertically downward. The force sys-
tem is shown in Figure 2. The submerged weight is 
given by 
3
6G f
F D gπ Dρ=  (6) 
where D = submerged relative density of sediment 
grains [= (ρp – ρf)/ρf]; ρf = mass density of fluid; ρp 
= mass density of sediment grains; and g = accelera-
tion due to gravity. 
In turbulent flow, the local instantaneous hori-
zontal velocity u(z) is decomposed as u = u  + u′, 
where u  is the time-averaged value of u and u′ is the 
fluctuations of u with respect to u . The instantane-
ous drag force acting at z = zf is 
20.5
fD D f z z f
F C u Aρ ==  (7) 
where CD = drag coefficient; 
fz z
u = = instantaneous 
horizontal velocity at z = zf; zf = ξd + h; h = vertical 
distance of the point of action of drag force from the 
crest level of the bed sediment grains; and Af = 
frontal projected area of the spherical solitary sedi-
ment grain exposed to the flow. Morsi & Alexander 
(1972) reported CD = A1 + A2 1R−  + A3 2R− , where R 
= 
fz z
u = D/υ; υ = coefficient of kinematic viscosity of 
fluid; and A1, A2 and A3 = coefficients dependent on 
R. In this study, this expression of CD is used. The h 
is expressed as 
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where dA = area of the horizontal strip across the 
frontal projection of the solitary sediment grain at z 
= z. It is expressed as dA = 2[(z – δ)(δ + D – z)]0.5dz. 
Then, the ˆ fz  (= zf/D) is expressed as 
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where u+ = u /u*; u* = shear velocity; and zˆ  = z/D. 
The frontal projected area Af of the spherical solitary 
sediment grain exposed to the flow is the circular 
projected area of the sphere above an imaginary 
plane at an elevation z = ξd. Note that the crests of 
the bed sediment grains upstream of the solitary sed-
iment grain intrude into the flow area beneath that 
imaginary plane. The ˆ fA  (= Af/D
2) is expressed as 
2 1 ˆˆ ˆ0.25 { cos (1 2 2 )fA D dπ δ ξ
−= − + −
0.5ˆ ˆ ˆˆ ˆ ˆ2(1 2 2 )[(1 )( )] }d d dδ ξ δ ξ ξ δ+ + − + − −  (10) 
The instantaneous lift force acting through the 
centre of the solitary sediment grain is 
20.5
fL L f z z f
F C u Aρ ==  (11) 
where CL = lift coefficient. In this study, the value of 
CL = 0.2 is assumed, as was considered by Wiberg & 
Smith (1987). 
When the solitary sediment grain is about to roll, 
the moment balance of the force system about the 
pivot point therefore satisfies the criterion (Fig. 4a): 
MO ≥ MS yielding FLLx + FDLz ≥ FGLx, where MO = 
overturning moment; MS = stabilizing moment; Lx = 
horizontal moment arm; and Lz = vertical moment 
arm. Substituting Equations 6, 7 and 11 into the cri-
terion in rolling mode yields 
3
2 2
3 ( )f
x
z z R
f D z L x
D gLu
A C L C L
π D
Ξ= ≥ = +
 (12) 
where ΞR = rolling threshold. 
In sliding mode, the instantaneous drag force ex-
ceeds the frictional resistance at the contacts of the 
solitary sediment grain and the bed sediment grain. 
The horizontal force balance therefore provides the 
criterion (Fig. 4b): FD ≥ FR yielding FD ≥ (FG − FL) 
tanφ. Substituting Equations 6, 7 and 11 into the cri-
terion of sliding mode yields 
3
2 2 tan
3 ( tan )fz z S f D L
D gu
A C C
π D φΞ
φ=
≥ =
+
 (13) 
where ΞS is the sliding threshold. 
 
 
Figure 4. Schematic of different modes of sediment entrain-
ment: (a) Rolling mode; (b) sliding mode; and (c) lifting mode. 
 
In lifting mode, the instantaneous lift force ex-
ceeds the submerged weight of the solitary sediment 
grain. The vertical force balance thus yields the crite-
rion (Fig. 4c): FL ≥ FG. Substituting Equations 6, 7 
and 11 into the criterion of lifting mode yields 
3
2 2
3fz z L f L
D gu
A C
π DΞ= ≥ =  (14) 
where ΞL = lifting threshold. 
From a close examination of Equations 12−14, it 
is distinguishable that the entrainment threshold has 
a kind of sequence in different modes as ΞL > ΞS > 
ΞR. Therefore, in case of ΞR < 
fz z
u =  < ΞS, the grains 
entrain only in a rolling mode touching the bed. On 
the other hand, in case of ΞS < 
fz z
u =  < ΞL, the grains 
entrain as a combination of rolling and sliding 
modes, while in case of 
fz z
u =  > ΞL, the grains entrain 
simultaneously in rolling and lifting modes. Thus, 
time-averaging of Equations 12−14, yields the 
threshold Shields functions in rolling, sliding and 
lifting modes:  
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where Θ = Shields function [= 2*u /(DgD)]; σu = hor-
izontal turbulence intensity [= (u u′ ′ )0.5]; and sub-
script c represents the threshold criterion. 
For any orientation of the bed sediment grains 
with respect to the flow direction, the moments of 
the forces FD, FL and FG are taken in between about 
the pivot point G1 (in case, the grain rolls over the 
crest of a single sediment grain) and the pivot line 
G2G3 (in case, the grain rolls over the cusp of the 
two neighbouring sediment grains) (Figs. 2 and 3). 
In a fluvial streambed, there are numerous orienta-
tions of the bed sediment grains within the afore-
mentioned limits. The horizontal moment arm Lx for 
any orientation lies G1I ≤ Lx ≤ HI. Thus, the Lx is ap-
proximated as an average Lx = 0.5(G1I + HI). From 
the geometry (Fig. 3), G1I = 0.5Dsinφmax and HI = 
0.25Dsinφmax. Therefore, the ˆxL  (= Lx/D) in nondi-
mensional form is given by 
max
ˆ 0.375sinxL φ=  (18) 
The vertical moment arm is obtained as Lz = C′I = 
zf − δ − 0.5D(1 − cosφmax). Therefore, the ˆzL  (= 
Lz/D) in nondimensional form is given by 
max
ˆˆ ˆ 0.5(1 cos )z fL z δ φ= − − −  (19) 
The threshold Shields functions in rolling, sliding 
and lifting modes depend on the velocity laws in hy-
draulically smooth, transitional and rough flows, 
which are classified by the values of shear Reynolds 
number R* (= u*ks/υ, where ks = Nikuradse’s equiva-
lent roughness) (Dey, 2014). In transitional flow (3 < 
R* < 70), the velocity law proposed by Reichardt 
(1951) is used in this study. It is 
*
*
1 ln(1 ) 1 exp
11.6
z Ru z Rκ
κ
+
+ +
   = + − − −   
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   
 (20) 
where κ = von Kármán constant; z+ = z/ks; 0z
+  = 
z0/ks; and z0 = zero-velocity level. Equation 20 has a 
flexibility, because it serves reasonably well esti-
mates over a certain range of smooth (R* < 3) flow. 
Therefore, in this study, Equation 20 is also used as 
the velocity law for the smooth flow (0.1 ≤ R* < 3). 
For hydraulically rough flow (R* ≥ 70), the loga-
rithmic law is used as the velocity law. It is  
0
1 ln zu
zκ
+
+
+
 
=  
 
 (21) 
For the rough flow, 0z
+  = 0.03. 
In case of weakly mobile beds, Dey et al. (2012) 
reported the average values of z0 = 0.04ks and ξ = 
0.21 and Best et al. (1997) suggested an average val-
ue of κ = 0.385. These values are used in this study.  
Nezu (1977) proposed an expression for horizon-
tal turbulence intensity σu, which is in nondimen-
sional form uσ
+  (= σu/u*) given by 
*2.3 exp( ) 0.31(1 )u z Γ z Rσ Γ
+ + += − + −  (22) 
where Γ = van Driest damping function = [1 − 
exp(z+R*/Df)]; and Df = damping factor, which can 
be approximated as 10 (Nezu, 1977). 
2.2 Probabilistic concept of sediment entrainment 
The sediment entrainment is governed by the near-
bed turbulence characteristics and hence the proba-
bility of the near-bed instantaneous velocity at the 
level of the solitary sediment grain relative to the 
bed sediment grains and their orientations with re-
spect to the flow direction. Wu & Lin (2002) argued 
that the near-bed instantaneous horizontal velocity is 
expected to follow the log-normal distribution be-
cause the positive horizontal velocity fluctuations in 
the vicinity of the bed are main mechanism towards 
the sediment entrainment. Symbolising v = lnu, the 
probability density function fv of 
fz z
v =  is expressed 
as 
22
1 ( )[ (0, )] exp
22f
ff
v z z
vv z zz z
v vf v
σπ σ= ==
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[ ( ,0)] 0
fv z z
f v = ∈ −∞ =  (23) 
where v  and σv = mean and standard deviation of v, 
respectively, and are expressed as 
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In rolling mode, the probability of sediment en-
trainment is 
( ) (ln ln )
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Introducing the following approximation of the error 
function: 
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Equation 26 becomes 
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In sliding mode, the probability of sediment en-
trainment is 
( ) (ln ln )
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On the other hand, in lifting mode, the probability 
of sediment entrainment is 
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Using Equations 12−14, 24 and 25 into Equations 
28−30 yields 
2 2
ˆ ˆ
2 2
ˆ ˆ
ln[ (1 ) / ( )]
0.5
| ln[ (1 ) / ( )] |
f
f
S z z
R
S z z
G u
P
G u
l Θ
l Θ
+
=
+
=
+
=
+
2 2 2
ˆ ˆ
2 2
ln [ (1 ) / ( )]0.51 exp
ln (1 )
fS z z
G ul Θ
π l
+
= + × − − ⋅ 
+  
2 2
ˆ ˆ
2 2
ˆ ˆ
ln[ (1 ) / ( )]
0.5
| ln[ (1 ) / ( )] |
f
f
R z z
R z z
G u Θ
G u Θ
l
l
+
=
+
=
+
−
+
2 2 2
ˆ ˆ
2 2
ln [ (1 ) / ( )]0.51 exp
ln (1 )
fR z z
G u Θl
π l
+
= + × − − ⋅ 
+  
 (31) 
2 2
ˆ ˆ
2 2
ˆ ˆ
ln[ (1 ) / ( )]
0.5
| ln[ (1 ) / ( )] |
f
f
L z z
S
L z z
G u
P
G u
l Θ
l Θ
+
=
+
=
+
=
+
2 2 2
ˆ ˆ
2 2
ln [ (1 ) / ( )]0.51 exp
ln (1 )
fL z z
G ul Θ
π l
+
= + × − − ⋅ 
+  
2 2
ˆ ˆ
2 2
ˆ ˆ
ln[ (1 ) / ( )]
0.5
| ln[ (1 ) / ( )] |
f
f
S z z
S z z
G u Θ
G u Θ
l
l
+
=
+
=
+
−
+
2 2 2
ˆ ˆ
2 2
ln [ (1 ) / ( )]0.51 exp
ln (1 )
fS z z
G u Θl
π l
+
= + × − − ⋅ 
+  
 (32) 
2 2
ˆ ˆ
2 2
ˆ ˆ
ln[ (1 ) / ( )]
0.5 0.5
| ln[ (1 ) / ( )] |
f
f
L z z
L
L z z
G u
P
G u
l Θ
l Θ
+
=
+
=
+
= −
+
2 2 2
ˆ ˆ
2 2
ln [ (1 ) / ( )]0.51 exp
ln (1 )
fL z z
G ul Θ
π l
+
= + × − − ⋅ 
+  
 (33) 
where l = ˆ ˆ( / ) fu z zuσ
+ +
= ; and GR, GS and GL are 
ˆ
ˆ ˆ ˆ3 ( )
x
R
f D z L x
LG
A C L C L
π
=
+
; tanˆ3 ( tan )S f D L
G
A C C
π φ
φ
=
+
; 
and ˆ3L f L
G
A C
π
= . 
3 BEDLOAD FLUX IN THE CONTINUUM 
SCALE 
 
Figure 5. Schematic of bedload flux in a continuum scale. 
 
According to the bedload hypothesis of Einstein 
(1950), the effective mode of grain motion as bed-
load transport is saltation, where the sediment grains 
exhibit a series of brief jumps having an approxi-
mately same step length (an average step length Ls) 
within the bedload layer (Fig. 5). In a continuum 
scale, the bedload flux can therefore be obtained by 
means of the entrainment probability in lifting mode 
obtained at the grain scale. The number of sediment 
grains N per unit width entrained during a short time 
period dt into the bedload layer is therefore given by 
2
4 b
L b
AN P C
Dπ
=  (34) 
where Ab = bed surface area having a unit width (= 
1×Ls); and Cb = bedload concentration. 
The average step length Ls increases with an in-
crease in time-averaged lift force LF , but it decreas-
es with submerged weight FG of grains. Thus, the 
following relation of sediment entrainment as bed-
load is written: 
2 21
ˆ ˆ~ ( ) f
s L
L u z z
G B
L F K C u
D F
σ
Ψ
+ +
== +  (35) 
where K1 = proportionality constant including the 
added mass coefficient; and ΨB = flow intensity 
function (= Θ−1). 
Hu & Hui (1996) stated that the lifting velocity of 
a grain can be approximated by a linear relationship 
of shear velocity u*. Thus, the time period dt for a 
sediment grain to be entrained from the bed is in-
versely proportional to u* (Wang et al., 2008). 
Therefore, the time period dt is given by 
2
* *
~ D Ddt K
u u
=  (36) 
where K2 = proportionality constant. 
The bedload flux gB in weight per unit time and 
width is thus expressed as 
3
6B s
N Dg g
dt
πρ=  (37) 
Inserting Equations 34−36 into Equation 37, the 
nondimensional bedload flux ΦB, called bedload 
flux function, is obtained as 
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g gD
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ρ D
=   
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ˆ ˆ3 ( ) fb L L u z z BK C C P u σ Ψ
+ + −
== +  (38) 
where K3 = coefficient [= 2K1/(3K2)]. 
To solve Equation 38, the values of Cb and K3 are 
essential. In this study, Cb = 0.65 is considered as the 
maximum bedload concentration, as obtained by van 
Rijn (1981). However, the value of K3 determined 
from the experimental data of Gilbert (1914), Meyer-
Peter et al. (1934), Einstein (1942), Meyer-Peter & 
Müller (1948), Smart (1984), Wilcock (1988) and 
Chein & Wan (1999) was 4.5, which is used in this 
study. 
4 COMPUTATIONAL STEPS 
The computational steps involved to determine the 
entrainment thresholds and corresponding probabili-
ties (PR, PS and PL) in different modes and the bed-
load flux function (ΦB) are as follows: 
(1) For a given φ, determine dˆ  from Equation (5) or 
vice-versa. 
(2) Determine δˆ  and ˆ fA  from Equations (2) and 
(10), respectively. 
(3) For a given R*, identify the flow regime: Smooth 
flow if R* ≤ 3, transitional flow if 3 < R* < 70 and 
rough flow if R* ≥ 70. 
(4) Determine ˆ fz  from Equation (9), using the u
+ 
from Equation (20) for smooth and transitional 
flow regimes and Equation (21) for rough flow 
regime. 
(5) Determine ˆ ˆ fz zu
+
= from Equation (20) or (21).  
(6) Determine 
ˆ ˆ f
u z z
σ +
=
 from Equation (22). 
(7) Determine ˆxL  and ˆzL  from Equations (18) and 
(19), respectively. 
(8) Determine CD from CD = A1 + A2 1R−  + A3 2R− , 
with R = R* ˆ ˆ fz zu
+
= / ˆsk . 
(9) Determine Θc from Equations (15)−(17).  
(10) For a given median grain size D of sediment, 
determine the grain function S* = D(DgD)0.5/υ. 
(11) Determine Θ from Θ = 2*R /(
2
*S
2ˆ
sk ).  
(12) Determine PR, PS and PL from Equations 
(31)−(33), respectively. 
(13) Determine ΦB from Equation (38). 
5 RESULTS AND DISCUSSION 
To show the results, the characteristic values of mass 
density of sediment ρp, mass density of fluid ρf and 
coefficient of kinematic viscosity of fluid υ are taken 
as 2650 kg m–3, 103 kg m–3 and 10−6 m2 s–1, respec-
tively, for a bed of uniform sediment ( dˆ  = 1).  
 
Figure 6. Threshold Shields function Θc versus shear Reynolds 
number R* in rolling, sliding and lifting modes. 
 
Figure 6 shows the curves of threshold Shields 
function Θc versus shear Reynolds number R* in 
rolling, sliding and lifting modes. The Shields curve 
(1936) and the experimental data of several investi-
gators (Gilbert, 1914; Casey, 1935; Kramer, 1935; 
Shields, 1936; USWES, 1936; White, 1940; Vanoni, 
1946; Meyer-Peter & Müller, 1948; Iwagaki, 1956; 
Neill, 1967; Grass, 1970; White, 1970; Karahan, 
1975; Mantz, 1977; Yalin & Karahan, 1979) are also 
overlapped. From Θc(R*)-curves and the experi-
mental data shown in Figure 6, it is obvious that the 
entrainment threshold mainly belongs between the 
sliding and lifting modes. This study shows that the 
sliding threshold is the transition from rolling to lift-
ing threshold. It is evident that the threshold Shields 
function Θc in rolling mode diminishes with an in-
crease in R* becoming a minimum as Θc = 0.008 at 
R* = 20 and then gradually increases to reach a con-
stant value as Θc = 0.023 at R* ≥ 700. The trend of 
sliding threshold curve is similar to that of rolling 
threshold curve. The Θc in sliding mode diminishes 
with an increase in R* becoming a minimum as Θc = 
0.016 at R* = 20 and then gradually increases to 
reach a constant value as Θc = 0.038 for R* ≥ 700. 
On the other hand, the Θc in lifting mode decreases 
with an increase in R* reaching a constant value as 
Θc = 0.171 for R* > 70.  
 
Figure 7. Variations of entrainment probabilities in rolling PR, 
sliding Ps and lifting PL modes with Shields function Θ. 
 
Figure 7 shows the variations of entrainment 
probabilities in rolling PR, sliding PS and lifting PL 
modes with Shields function Θ for a grain function 
S* = 127.2 (that is, D = 1 mm). The rolling probabil-
ity PR, at the initial stage, increases with an increase 
in Θ attaining a maximum as PR = 0.97 at Θ = 0.052 
and then diminishes with Θ. The sliding probability 
PS follows the similar trend to the rolling probability 
reaching a maximum as PS = 0.94 at Θ = 0.072. On 
the other hand, the lifting probability PL increases 
with an increase in Θ attaining a maximum as PL = 1 
at Θ = 0.9. It is evident that for the lower values of Θ 
(Θ < 0.2), the rolling and sliding are the prevailing 
modes of sediment entrainment, while for the higher 
values of Θ (Θ > 0.2), sediment grains mainly en-
train in a lifting mode performing saltation. These 
findings are in agreement with the experimental ob-
servations of Hu & Guo (2011). They observed that 
the rolling and saltating (lifting) modes are prevail-
ing for Θ < 0.1 and Θ > 0.2, respectively. The curves 
of Wu & Chow (2003) are also furnished in Figure 7 
for the comparison. However, Wu & Chow (2003) 
abandoned the sliding mode of entrainment in their 
analysis. The PR(Θ)- and PL(Θ)-curve of this study 
show a major departure from those obtained by Wu 
& Chow (2003). It may be noted that the PR(Θ)-
curve of Wu & Chow (2003) is not well supported 
by the experimental findings of Hu & Guo (2011) 
for rolling mode (Θ < 0.1). The reason for such a de-
parture can be explained as follows: 
Wu & Chow (2003) treated the bed sediment 
grains as randomly arranged and therefore, the expo-
sure of grains was treated as a random variable. As a 
consequence, the PR(Θ)- and PL(Θ)-curve were 
achieved based on the mean probabilities of grain 
entrainment, that is the integrated values of PR(Θ) 
and PL(Θ) over the entire range of grain exposure. 
However, this study highlights the entrainment of 
the exposed sediment grains over a compact granular 
sediment bed, because the bedload flux is obtained 
in saltating mode in a continuum scale from the en-
trainment probability of sediment grains in lifting 
mode obtained at the grain scale. One of the essen-
tial features of Figure 7 is that the maximum of 
PR(Θ)-curve nearly corresponds to Θc = 0.046, 
which is the threshold Shields function in rough flow 
(Yalin & Karahan, 1979) and interestingly, the ini-
tiation of lifting mode starts from that point (Θc = 
0.046), as the PL(Θ)-curve has a threshold at Θc = 
0.046. Figure 7 further shows that for Θ > 0.1, the 
PR(Θ)- and PS(Θ)-curve coincide to produce a single 
curve, demonstrating that for higher Θ (Θ > 0.1), the 
entrainment probabilities in rolling and sliding 
modes are equal. 
 
Figure 8. Variation of entrainment probability in lifting PL 
mode with Shields function Θ. 
 
The variation of entrainment probability in lifting 
mode PL with Shields function Θ is further depicted 
in Figure 8. The reason to show two PL(Θ)-curves in 
Figure 8 is to provide the domain of the dependency 
of PL(Θ) on grain function S*. The right and left 
bound PL(Θ)-curves correspond to the grain func-
tions S* = 307 (that is, D = 1.8 mm) and 91 (that is, 
D = 0.8 mm), respectively. The right and left bound 
curves do not seemingly vary for S* > 307 and S* < 
91, respectively, signifying that a dependency of 
PL(Θ) on S* is predominant for 91 ≤ S* ≤ 307 (that is 
the zone confined to the right and left bound curves). 
The experimental data of Guy et al. (1966), Fernan-
dez Luque (1974), Jain (1992) and Papanicolaou 
(1997) are also plotted for the comparison. Both the 
right and left bound PL(Θ)-curves monotonically in-
crease approaching each other with an increase in Θ 
and finally coincide to become a single curve for PL 
> 0.2 (Θ > 0.45), where the effect of S* on PL(Θ) is 
insignificant. Strictly, the left bound curve has a bet-
ter agreement with the experimental data. Figure 8 
shows that for a given Θ, the left bound PL(Θ)-curve 
predicts higher PL value than the right bound PL(Θ)-
curve. This observation is evident since the entrain-
ment probability in lifting mode for the finer grains 
is higher than that for the coarser ones provided that 
both the finer and coarser grains are subjected to the 
same applied bed shear stress. For Θ = 0.046, that is 
the threshold Shields function in rough flow (Yalin 
& Karahan, 1979), the entrainment probabilities in 
lifting mode obtained from the right and left bound 
PL(Θ)-curves of this study are 0.1 and 0.85%, re-
spectively. It signifies that in an average, 0.48% of 
total bed sediment grains entrain per unit area of bed 
surface. 
 
Figure 9. Variation of bedload flux function ΦB with flow in-
tensity function ΨB. 
 
The variation of bedload flux function ΦB with 
flow intensity function ΨB is shown in Figure 9. The 
experimental data of several investigators (Gilbert, 
1914; Meyer-Peter et al., 1934; Einstein, 1942; Mey-
er-Peter & Müller, 1948; Smart, 1984; Wilcock, 
1988; Chein & Wan, 1999) are also shown. The rea-
son to show two ΦB(ΨB)-curves in Figure 9 is to 
provide the domain of the dependency of ΦB(ΨB) on 
grain function S*. The upper and lower bound 
ΦB(ΨB)-curves obtained from this study correspond 
to S* = 91 (that is, D = 0.8 mm) and 1018 (that is, D 
= 4 mm), respectively (Fig. 9). The upper and lower 
bound curves do not seemingly vary for S* < 91 and 
S* > 1018, respectively, signifying that a dependency 
of ΦB(ΨB) on S* exists for 91 ≤ S* ≤ 1018 (that is the 
zone confined to the upper and lower bound curves). 
Figure 9 illustrates that ΦB diminishes with an in-
crease in ΨB (= Θ−1), implying that the bedload flux 
increases with an increase in Shields function Θ. 
Moreover, for a given ΨB, the upper bound ΦB(ΨB)-
curve predicts a higher ΦB than the lower bound 
ΦB(ΨB)-curve, demonstrating that under the same 
applied bed shear stress, the bedload flux for the fin-
er grains is larger than that for the coarser ones. In-
terestingly, for ΨB < 6, the upper and lower bound 
ΦB(ΨB)-curves coincide to become a single curve. 
The comparison of ΦB(ΨB)-curves of this study with 
the experimental data shows an acceptable agree-
ment over a wide range of ΨB, although the small 
portion of ΦB(ΨB)-curve departs marginally from the 
experimental data for 1 < ΨB < 5. To be precise, the 
upper bound curve of this study has a better agree-
ment with the experimental data. The ΦB(ΨB)-curves 
of Einstein (1950) is further shown for the compari-
son. It is evident that the ΦB(ΨB)-curve of Einstein 
(1950) departs from the experimental data for a low-
er ΨB (ΨB < 2).  
6 CONCLUSIONS 
A mathematical theory of sediment transport eluci-
dating the entrainment of sediment grains from the 
grain scale of entrainment to the continuum scale of 
bedload flux for a unidirectional flow over a sedi-
ment bed is developed. The sediment grains are sub-
jected to hydraulically smooth, transitional and 
rough wall-shear flows. At the grain scale, the forces 
acting on a spherical solitary sediment grain resting 
over three similar compact sediment grains are ana-
lysed to obtain the criteria for entrainment threshold 
in rolling, sliding and lifting modes. The time-
averaged velocity laws of hydraulically smooth, 
transitional and rough flows are considered for the 
analysis, incorporating the turbulence effects. The 
experimental data shows that the entrainment 
threshold lies within the sliding and lifting modes. 
The entrainment probabilities in rolling, sliding and 
lifting modes at the grain scale are obtained by ap-
plying the log-normal probability function for the 
near-bed instantaneous horizontal velocity. The en-
trainment probabilities in rolling and sliding modes 
increase with an increase in Shields function to reach 
their individual maximum values and then they re-
duce. On the other hand, the entrainment probability 
in lifting mode increases monotonically with an in-
crease in Shields function. The maximum value of 
entrainment probability in rolling mode almost cor-
responds to the threshold Shields function in rough 
flow and the initiation of entrainment probability in 
lifting mode corresponds to the threshold Shields 
function in rough flow. The variation of entrainment 
probability in lifting mode with Shields function re-
veals that the entrainment probability curves in lift-
ing mode are confined to the right and left bound 
curves, corresponding to grain functions S* = 307 
and 91, respectively. In the continuum scale, the 
bedload flux is derived considering the saltation of 
sediment grains being the main mechanism of bed-
load transport. Thus, the lifting probability is rele-
vant for the bedload transport. The variation of bed-
load flux function with flow intensity function 
indicates that the bedload flux curves are confined to 
the upper and lower bound curves, corresponding to 
S* = 91 and 1018, respectively. 
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